Abstract. In the paper we use the notion of weakly weighted sharing and relaxed weighted sharing to investigate the uniqueness problems when two difference products of entire functions share a small function. The results of the paper improve and extend some recent results due to the present first author [Commu. Math. Stat., 3 (2015), [227][228][229][230][231][232][233][234][235][236][237][238].
those a-points of f (counted with proper multiplicities) whose multiplicities are not greater than k. By N (r, a; f |≤ k) we denote the corresponding reduced counting function. Analogously we can define N (r, a; f |≥ k) and N (r, a; f |≥ k). Clearly N 1 (r, a; f ) = N (r, a; f ).
Definition 2 ([11]). Let

Definition 3.
Let a ∈ C ∪ {∞}. We denote by N E (r, a; f , g ) (N E (r, a; f , g )) by the counting function (reduced counting function) of all common zeros of f − a and g − a with the same multiplicities and by N 0 (r, a; f , g ) (N 0 (r, a; f , g )) the counting function (reduced counting function) of all common zeros of f − a and g − a ignoring multiplicities. If N (r, a; f ) + N (r, a; g ) − 2N E (r, a; f , g ) = S(r, f ) + S(r, g ), then we say that f and g share the value a "CM". If N (r, a; f ) + N (r, a; g ) − 2N 0 (r, a; f , g ) = S(r, f ) + S(r, g ), then we say that f and g share the value a "IM".
Definition 4 ([14]
). Let f and g share the value a "IM" and k be a positive integer or infinity.
Then N E k) (r, a; f , g ) denotes the reduced counting function of those a-points of f whose multiplicities are equal to the corresponding a-points of g , and both of their multiplicities are not greater than k. N 0 (k (r, a; f , g ) denotes the reduced counting function of those a-points of f which are a-points of g , and both of their multiplicities are not less than k.
We now introduce the following definition of weakly weighted sharing which is a scaling between sharing IM and sharing CM.
Definition 5 ([14]
). Let a ∈ C ∪ {∞} and k be a positive integer or infinity. If
then we say that f and g share the value a weakly with weight k and we write f and g share "(a, k)".
In 2007, A. Banerjee and S. Mukherjee [1] introduced a new type of sharing known as relaxed weighted sharing, weaker than weakly weighted sharing and is defined as follows.
Definition 6 ([1]
). We denote by N (r, a; f |= p; g |= q) the reduced counting function of common a-points of f and g with multiplicities p and q respectively.
Definition 7 ([1]
). Let a ∈ C ∪ {∞} and k be a positive integer or infinity. Suppose that f and g share the value a "IM". If for p = q,
then we say that f and g share the value a with weight k in a relaxed manner and in that case we write f and g share (a, k) * .
Many research works on entire and meromorphic functions whose differential polynomials share certain value, small function or fixed points have been done by many mathematicians in the world (see [5] , [6] , [15] , [20] , [22] , [23] ). Recently, value distribution in difference analogue has become a subject of great interest among the researchers. In 2006, R.G. Halburd and R.J. Korhonen [7] established a version of Nevanlinna theory based on difference operators. The difference logarithmic derivative lemma, given by R.G. Halburd and R.J. Korhonen We recall the following two examples.
has no zeros. This shows that Theorem A does not hold if n = 1. 
In the same year J.L. Zhang [25] considered the zeros of one certain type of difference polynomial and proved the following result.
Theorem C. Let f (z) be a transcendental entire function of finite order, α(z)( ≡ 0) be a small function with respect to f (z) and η be a nonzero complex constant. If n ≥ 2 is an integer then
has infinitely many zeros.
In the same paper the author also proved the following uniqueness result.
Theorem D. Let f (z) and g (z) be two transcendental entire functions of finite order, and α(z)( ≡
0) be a small function with respect to both f (z) and g (z). Suppose that η is a nonzero complex constant and n
Naturally one may ask the following question.
Question 1.
Is it possible to relax the nature of sharing the small function in Theorem D ?
In 2014, using the idea of weakly weighted sharing and relaxed weighted sharing, C. Meng [18] proved the following results which improve and supplement Theorem D in different directions.
Theorem E. Let f (z) and g (z) be two transcendental entire functions of finite order, and α(z)( ≡
0, ∞) be a small function with respect to both f (z) and g (z). Suppose that η is a nonzero complex constant, and n
≥ 7 is an integer. If f n (z)( f (z)−1) f (z +η) and g n (z)(g (z)−1)g (z +η) share "(α, 2)", then f (z) ≡ g (z).
Theorem F. Let f (z) and g (z) be two transcendental entire functions of finite order, and α(z)( ≡
0, ∞) be a small function with respect to both f (z) and g (z). Suppose that η is a nonzero complex constant and n
≥ 10 is an integer. If f n (z)( f (z) − 1) f (z + η) and g n (z)(g (z) − 1)g (z + η) share (α, 2) * , then f (z) ≡ g (z).
Theorem G. Let f (z) and g (z) be two transcendental entire functions of finite order, and α(z)( ≡
0, ∞) be a small function with respect to both f (z) and g (z). Suppose that η is a nonzero complex constant and n
Observing the above results the following question is inevitable.
Question 2.
What can be said about the relationship between two entire functions f and g if
is any integer ?
In recent, the present first author [21] answered the above question and proved the following results which generalize Theorems E−G.
Theorem H. Let f (z) and g (z) be two transcendental entire functions of finite order, and α(z)( ≡
0, ∞) be a small function of both f (z) and g (z). Suppose that η is a nonzero complex constant, n and m(≥ 1) are integers such that n
where t m = 1.
Theorem I. Let f (z) and g (z) be two transcendental entire functions of finite order, and α(z)( ≡
0, ∞) be a small function of both f (z) and g (z). Suppose that η is a nonzero complex constant, n and m(≥ 1) are integers such that n
where t m = 1. 
Regarding Theorems H−J, one may ask the following question which is the motivation of the present paper.
Question 3.
What can be said about the entire functions f and g if we consider the difference
In the paper, our main purpose is to find out the possible answer of the above question.
We prove following three theorems which improve and extend Theorems H−J respectively.
The following theorems are the main results of the paper. 
Theorem 3. Let f (z) and g (z) be two transcendental entire functions of finite order, and α(z)( ≡
0, ∞) be a small function with respect to both f (z) and g (z) with finitely many zeros. Suppose that η is a nonzero complex constant, n, k(≥ 0) and m(≥ 1) are integers such that n
Remark 1.
Since Theorems H−J are the special cases of Theorems 1−3 respectively for k = 0, Theorems 1−3 improve and extend Theorems H−J respectively.
Lemmas
In this section, we state some lemmas which will be needed in the sequel. We denote by H the following function:
where F and G are nonconstant meromorphic functions defined in the complex plane C.
Lemma 1 ([4]). Let f (z) be a meromorphic function of order ρ( f ) < ∞, and let η be a nonzero complex constant. Then for each
ε > 0, we have T (r, f (z + η)) = T (r, f ) + O{r ρ( f )−1+ε } + O{log r }.
Lemma 2 ([3]). Let f (z) be an entire function of order ρ( f ) < ∞, and F
= f n (z)( f m (z)−1) f (z + η). Then T (r, F ) = (n + m + 1)T (r, f ) + O{r ρ( f )−1+ε } + S(r, f ).
Lemma 3 ([26]). Let f be a nonconstant meromorphic function, and p, k be positive integers.
Then 
S(r, F ) + S(r,G), and the same inequality is true for T (r,G).
Lemma 6 ([16]). Let F and G be two nonconstant entire functions, and p ≥ 2 be an integer. If
and the same inequality holds for T (r,G). Proof. We put
Lemma 7. Let f and g be two entire functions, n(≥ 1), m(≥ 1), k(≥ 0) be integers, and let
F = ( f n (z)( f m (z) − 1) f (z + η)) (k) ,G = (g n (z)(g m (z) − 1)g (z + η)) (k) .
If there exists nonzero constants c
. By the second fundamental theorem of Nevanlinna we have
Using (2.1), (2.2), (2.3) and Lemmas 1 and 2 we obtain
Combining (2.4) and (2.5) we obtain
which gives n ≤ 2k + m + 3. This proves the lemma.
Lemma 8 ([2]). Let f (z) and g (z) be two transcendental entire functions of finite order, and let
η be a nonzero complex constant, and n, m be positive integers such that n ≥ m + 5. If
, where t is a constant satisfying t m = 1 Note 1. Though the authors [2] claimed that the result holds for n ≥ m +6, from the proof it is easily seen that the result holds if n ≥ m + 5.
Proof of the Theorems
Proof of Theorem 1.
. Then F and G are transcendental meromorphic functions that share "(1, 2)" except the zeros and poles of α(z). From Lemma 2 we see that
If possible, we may assume that H ≡ 0. Using (2.1), (3.1) and Lemma 2 we get
From this we get
Also by (2.2) we obtain
Similarly,
Using (3.4), (3.5) and Lemmas 1 and 4 we obtain from (3.3)
In a similar manner we obtain
(3.6) and (3.7) together yields
a contradiction with the assumption that n ≥ 2k +m +6. Therefore we must have H = 0. Then
Integrating both side twice we get from above
where A( = 0) and B are constants. From (3.8) it is clear that F , G share 1 CM and hence they share "(1, 2)". Therefore n ≥ 2k + m + 6. We now discuss the following three cases separately.
Case 1.
Suppose that B = 0 and A = B . Then from (3.8) we obtain
If B = −1, then from (3.9) we obtain FG = 1. Then 
Obviously P 1 e mβ(z) − P 2 has infinite number of zeros, which contradicts with the fact that g is an entire function.
If B = −1, from (3.9), we have 
This gives
Thus we obtain 
